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Nonstabilizerness (magic)

o Stabilizer states and Clifford operations can be efficiently simulated

* Universal guantum gate set:

Clifford operations (non-Clifford) T-gates

+ T

* Nonstabilizerness characterise the amount of non-Clifford resources needed
to realise quantum states and operations '+

1. T. Haug and M.S. Kim. ‘Scalable Measures of Magic Resource for Quantum Computers’. PRX Quantum 4, 010301 (2023)
2. L. Leone, S. F. E. Oliviero, and A. Hamma. ‘Stabilizer Rényi Entropy’. Physical Review Letters 128, 050402 (2022)



Stabilizer Entropy (SE)

* Related to various properties of quantum systems

 Phase transitions, entanglement spectrum, property testing, participation
entropy, etc.
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Quantifying non-stabilizerness through entanglement spectrum flatness
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Stabilizer Entropy (SE)

* Related to various properties of quantum systems

 Phase transitions, entanglement spectrum, property testing, participation
entropy, etc.

* Connection to quantum chaos and scrambling (out-of-time ordered correlators,
OTOCs)

Shannon and entanglement entropies of one- and two-dimensional critical wave
functions
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Stabilizer Entropy (SE)

* Related to various properties of quantum systems

 Phase transitions, entanglement spectrum, property testing, participation
entropy, etc.

* Connection to quantum chaos and scrambling (OTOCs)

* Experimental studies limited by measurement protocols which scale
exponentially with number of qubits '+

1. T. Haug and M.S. Kim. ‘Scalable Measures of Magic Resource for Quantum Computers’. PRX Quantum 4, 010301 (2023)
2.S. F. E. Oliviero, L. Leone, A. Hamma, and S. Lloyd, “Measuring magic on a quantum processor,” npj Quantum Information 8, 148 (2022)



Stabilizer Entropy (SE)

Related to various properties of guantum systems

 Phase transitions, entanglement spectrum, property testing, participation
entropy, etc.

* Connection to quantum chaos and scrambling (OTOCs)

Experimental studies limited by measurement protocols which scale
exponentially with number of qubits '+

Efficient algorithms exist for matrix product states

Quantifying Nonstabilizerness of Matrix Product States Stabilizer entropies and nonstabilizerness monotones
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Renyi-n SE!

» For an N-qubit state | y),

M,(ly)) =~ (1 —n)"'In ZM

cERL

« Where 7 is the index of SE and & is set of 4"¥ Pauli strings
N

« Pauli strings are N-qubit tensor products o, = ®0r2j_1r2j where r € {0,1}*"
j=1
Pauli matrices

0o =11 0y =0

% .
010—0 011—0

1. L. Leone, S.F.E. Oliviero, and A. Hamma, Phys. Rev. Lett. 128, 050402 (2022)



Renyi-n SE!

» For an N-qubit state | ),

M,(ly)) =-(1-n""In ZM

cERL

« Where 7 is the index of SE and & is set of 4"¥ Pauli strings
N

» Pauli strings are /N-qubit tensor products o, = ®6r2j_1r2j where r € {0,1}*"
j=1
Pauli matrices
M” ( ‘WSTAB>> =0 n ( ‘WSTAB>) — Mn ( ‘WSTAB>) On) = Il Oy1 = o
Mn(h//>®‘¢>>=M(h//>> n ‘ ) GIOZUZ Gllzgy

1. L. Leone, S.F.E. Oliviero, and A. Hamma, Phys. Rev. Lett. 128, 050402 (2022)



Measuring SE

» For an N-qubit state | ),

(y|o|yp)
M (ly))=—-(1—-n)""In Z —oN

cERL




Measuring SE

« For an N-qubit state | y), oy
Yoy
M,(ly) == (1 -nn Z—

cERL

o 2n
A (|y)) = Z (w] \W)

cEL

« —> How can we efficiently measure A (|y)) ?



Our paper

 Efficiently measure SEs with integer index n > | on quantum computers
and simulators
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Our paper

 Efficiently measure SEs with integer index n > | on quantum computers
and simulators

* We provide:

» Algorithm via Bell measurements over two copies of state

» Efficient protocol to measure 4n-point OTOCs and Clifford-averaged
multifractal flatness

» Efficiently computable bounds to other nonstabilizerness monotones



n: index of SE
N: no. of qubits

Algorithm 1 forodd n > 1

M(ly)=—(1-n)"InA,(ly))

» Consider A, as the expectation value of observable F,?N acting on 2n copies
of | ) via the replica trick!

A, =27N ) (ylo|y)
ocESL

— 2 2
R
0cENL

1. J. M. Stéphan, S. Furukawa, G. Misguich, and V. Pasquier, Phys. Rev. B 80, 184421 (2009).



n: index of SE
N: no. of qubits

Algorithm 1 forodd n > 1

M(ly)=—(1-n)"InA,(ly))

» Consider A, as the expectation value of observable F,‘,?N acting on 2n copies
of | ) via the replica trick!

A, =27N ) (ylo|y)

cEP
_ 2 2 2 2 2
=27 ) (w|® 0@ | y) B = (| B TEN | ) &2
cEP
3
_ k\®2n
 Where I, = 5 Z (6°) Foroddn > 1,27VA is unitary withw € {—1,1}

Forevenn > 1, 27V A, is projector with @ € {O,2N }

1. J. M. Stéphan, S. Furukawa, G. Misguich, and V. Pasquier, Phys. Rev. B 80, 184421 (2009).



Algorithm 1 forodd n > 1

e To measure |’ S@N , transform the operator into a diagonal eigenbasis

A, = W\@zn (U%”IT—((A @ I)*" + (0 @ I)®"

i (]1 R O'Z)®n 4 (_l)n(a.z R Uz)®n)U§gﬁ)®N |¢>®2n

Uy, = (HQ® I,)CNOT = 37 /71‘

H = %(o—x + 6%

e ~

Bell measurement

CNOT = exp <i%(11 —0°)Q® ([, — 0x)>



Algorithm 1 forodd n > 1

e To measure |’ S@N , transform the operator into a diagonal eigenbasis

An = (®" (Uggﬁt((h @ 1)*" 4+ (0" @ I;)®"
i <]1 R 0_z)®n 4 (_1)n(0_z R O_Z)®n)U§>eTILl)®N ‘w>®2n

= (U®V|y) ® |y))*"

 Sufficient to prepare and measure two copies of N-qubit quantum states, on
a 2N-qubit quantum computer simultaneously

1) = Ugen [¥) ® %)



Algorithm 1 forodd n > 1

e To measure |’ S@N , transform the operator into a diagonal eigenbasis

An = (®" (Uggﬁt((h @ 1)*" 4+ (0" @ I;)®"
i <]1 R 0_z)®n 4 (_1)n(0_z R O_Z)®n)U§>eTILl)®N ‘w>®2n

= (U®V|y) ® |y))*"

 Sufficient to prepare and measure two copies of N-qubit quantum states, on
a 2N-qubit quantum computer simultaneously

» A computed via post-processing of Bell measurement outcomes



Algorithm 1 forodd n > 1

Algorithm 1: SE without complex conjugate

Input : Integer n > 1; L repetitions
State preparation routine for |v)
Output: Tsallis SE T;,(|))

1 A=)
2 for/=1.,...,L do
3 for y =1,...,n do
4 Prepare |n) = USY |[1) @ [1)
5 Sample in computational basis 79 ~ | (r|n) |?
6 end
7 b=1
8 for /=1,...,N do
o | | =@ v = @
10 if n is odd then
11 | b=0b-(—2v1 12+ 1)
12 else
13 b=b-2(r1 — 1) (12 — 1)
14 end
15 end
16 A=A+b/L
17 end

18 T), = —(1 —n) (1 - A)




Maximal number of L measurement steps

» To estimate A, within € accuracy and o failure probability, we require at most

Aw? 2
L < " Jog(—

» Where Aw, is the range of eigenvalues of F,‘?N

Foroddn > 1, we {—1,1}

Forevenn > 1, w € {0,2"V}



Maximal number of L measurement steps

» To estimate A, within € accuracy and o failure probability, we require at most

Aw? 2
L < " Jog(—

» Where Aw, is the range of eigenvalues of F,‘?N

Foroddn>1,w € {—1,1} —» 0dd: Aw, =2 and C = O(ne™?)

Forevenn > 1, w € {0,2"V} Even: Aw, diverges and requires exponential number of L



2n
Ay =), v ;lvw
oEN

Algorithm 2 for any integer n > 1

* Rewrite SE as a sampling problem: A, = ) [<¢| o W>2n—2]

o~Z=(0)

e Where Z(0) = 27 ¥y|o|yw)* is the probability distribution of Pauli strings o



2n
Adlw) = ) v ;IJ//)

Algorithm 2 for any integer n > 1
» Requires access to complex conjugate | 1//*)
* Rewrite SE as a sampling problem: A, = N:“;( )[<¢| o W>2n_2]

e Where Z(0) = 27 ¥y|o|yw)* is the probability distribution of Pauli strings o

V) —— H 17 7'F®

V) —D =

)P ——— g2 -2

Algorithm 2 measurement protocol
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Algorithm 2 for any integer n > 1

» Requires access to complex conjugate |y™)

* Rewrite SE as a sampling problem:

e Where Z(0) = 27 ¥y|o|yw)* is the probability distribution of Pauli strings o

V) —e— H

/7(

— 9

v) —D

) ? Y ——— e en

Algorithm 2 measurement protocol

—H

An

= E [(¢|o)*" 7

o~Z=(0)

. Gaining outcome r € {0,1}*"

cEP

| )"

OIN



o 2n

Algorithm 2 for any integer n > 1 57

» Requires access to complex conjugate |y™)

* Rewrite SE as a sampling problem: A, = ) [<¢| o W>2n_2]

o~Z=(0)

e Where Z(0) = 27 ¥y|o|yw)* is the probability distribution of Pauli strings o

V) ——1 1 17" . Gaining outcome r € {0,1}"
— )
) —EB = » E(o,) = [(r|m)]
) « Sampling r from |#) corresponds to
) ———— 5B (22— X sampling Pauli strings 6, ~ Z(c,.)

Algorithm 2 measurement protocol



Algorithm 2 for any integer n > 1

Algorithm 2: SE with complex conjugate

. _ ) .
° ReqUIre at most C N O(ae ) COpIES of Input : Integer n > 1; L repetitions;

| w) and C = 0(6_2) COpieS of ‘ v/*> State preparation routines for |¢) and |¢™)
Output: A, (|¢))
1 A, =0
2 for/=1,...,L do
3 | Prepare |n) = Ugg, [¢7) @ [¢)
4 Sample r ~ | {r|n) |?
5 b=1
6 fork=1,...,2n—2 do
7 Prepare [¢) and measure in eigenbasis of
Paulistring o, for eigenvalue A € {+1,—1}

8 b=1>b-)
9 end

10 A, =A,+0b/L

11 end

1. Y. Yang, G. Chiribella, and G. Adesso, Physical Review A 90, 042319 (2014)

2. J. Miyazaki, A. Soeda, and M. Murao, Physical Review Research 1, 013007 (2019)

3. T. Haug, K. Bharti, and D. E. Koh, arXiv:2306.11677 (2023)

4. S. Khatri, R. LaRose, A. Poremba, L. Cincio, A. T. Sornborger, and P. J. Coles, Quantum 3, 140 (2019)



Algorithm 2 for any integer n > 1

Algorithm 2: SE with complex conjugate

. _ ) .
° ReqUIre at most C N O(GG ) COpIES of Input : Integer n > 1; L repetitions;

— —2 i K State preparation routines for |¢) and |¢™)
| w) and C = O(e™°) copies of |y*) Outputs o (o

1 A,=0

 |w*) cannot be efficiently prepared in 2 for £=1,...,Ldo
I -th bI k b _t ‘ 1—3 3 Prepa‘re |T}> — U](?)gell |¢*> X |¢>
general wi dCK-DOX aCCessS 10 | Y/ 4 Sample 7 ~ | (r|n) |2
5 b=1
: : T 6 fork=1,...,2n—2 do

* When the circult deSC”ptlon of U 7 Prepare [¢) and measure in eigenbasis of

preparlng the State IS knOWn, ‘ l/j>1<> IS bPalghs)’\crmg O for eigenvalue A - {—|-]., —1}

constructed by an element-wise O N

conjugation of coefficient of U 4 10 | An=An+b/L

11 end

1. Y. Yang, G. Chiribella, and G. Adesso, Physical Review A 90, 042319 (2014)

2. J. Miyazaki, A. Soeda, and M. Murao, Physical Review Research 1, 013007 (2019)

3. T. Haug, K. Bharti, and D. E. Koh, arXiv:2306.11677 (2023)

4. S. Khatri, R. LaRose, A. Poremba, L. Cincio, A. T. Sornborger, and P. J. Coles, Quantum 3, 140 (2019)



Bounds on nonstabilizerness

2
. Number of stabilizer states scale as O(2""), other nonstabilizerness monotones

(R, &, For 5) become numerically infeasible to compute beyond a few qubits®

 Our algorithm provides efficient bounds for integer n > 1

1

—1 —
RZfZ STABEATLZ

R: Robustness of magic?

» We also prove lower bound on F¢4p forn > 1:

£: Stabilizer extent!

Forup= max |{y|¢)|*: Stabilizer fidelity’
— — 1 —91-n |$)ESTAB

1. S. Bravyi, D. Browne, P. Calpin, E. Campbell, D. Gosset, and M. Howard, Quantum 3, 181 (2019)
2. M. Howard and E. Campbell, Phys. Rev. Lett. 118, 090501 (2017)



Demonstration using lonQ

» Random U doped with N non-Clifford gates

N times

- — UC
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Demonstration usinglonQ " ™ | [T
» Random U doped with N, non-Clifford gates 0) _ _

- We mitigate A, from measurements on noisy states by assuming a global depolariziation
error model
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Demonstration using lonQ

» Random U doped with N non-Clifford gates

N times

0) — TH —
0)— Uc — Uc
0)_ _

Uc

- We mitigate A, from measurements on noisy states by assuming a global depolariziation

error model
1.0 -
__________________ - ___l___I__. - -
M i o
= 05 {1 *
I |
i |
: ¢ Mitigated
i Unmitigated
0.0 ¢ Exact
0 2 4 6 8 10 12

FstaB

1.0+

0.0-

¢ Exp. upper bound
Exp. lower bound
Exact

1
A" > FsTaB 2

An L 21—n

] — 21-n



Application 1. Clifford-averaged OTOCs

» Efficiently measure 4n-point otoc! averaged over all Pauli-strings for N-qubit
unitaries U and n > 1

1. L. Leone, S. F. E. Oliviero, and A. Hamma, Phys. Rev. A 107, 022429 (2023)



Application 1. Clifford-averaged OTOCs

» Efficiently measure 4n-point otoc! averaged over all Pauli-strings for N-qubit
unitaries U and n > 1

otocy, (U, 0,0") = (2_Ntr(0UJ’UT))2n

o ——p  OTOC4(U)=4"" ) otocsn(U,0,0")
_ 2—Ntr(<0(2n) H(UUUTO'/O'(i_l)O-(i))>O-(1) .... G(zn)) 0,0/ EP
1=1

1. L. Leone, S. F. E. Oliviero, and A. Hamma, Phys. Rev. A 107, 022429 (2023)



Application 1. Clifford-averaged OTOCs

» Efficiently measure 4n-point otoc! averaged over all Pauli-strings for N-qubit
unitaries U and n > 1

otocy, (U, 0,0") = (2_Ntr(aU0’UT))2n

,,,,,

1=1

. Using Choi state |U) = INQU |®) , where |®) =27 N/237 7" |i)®|i)

A, (|JUN)AN -1
- t U-UUL,0,6) =—
Uc,U. €Cy 010y, (UcUU¢, 0, )] (4N —1)?

1. L. Leone, S. F. E. Oliviero, and A. Hamma, Phys. Rev. A 107, 022429 (2023)
S. Khatri, R. LaRose, A. Poremba, L. Cincio, A. Sornborger, and P. J Coles, Quantum 3, 140 (2019)



Application 2. Multifractal flathess

Participation entropy: Z,(|)) = o, | (k) |2

* Quantifies the spread of the wavefunction over basis states

Multifractal flathess?: F()) = Is(|v) — Z3(|4))

F(1v)) averaged over €°:  F(|1)) = JE FUcl¥)] = (221511; 1§1€2(]L¢i))2)

—> Algorithm 2 allows us to efficiently measure F(|1))) without averaging

1.C Castellani and L Peliti, Journal of physics A: mathematical and general 19, L 429 (1986)
2. P Sierant and X Turkeshi, Physical Review Letters 128, 130605 (2022)
3. X Turkeshi, M Schiro’, and Piotr Sierant,Phys. Rev. A 108, 042408 (2023)
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Summary

Efficiently measure SEs with a cost independent of qubit number N

« —> Exponential improvement over previous protocols 1,2

For integer n > 1, our protocol is asymptotically optimal with the number of copies
scaling as O(ne~?) and the classical post-processing time as O(nNe ~?)

Protocol easy to implement using Bell measurements

Allows efficient experimental characterisation of different important properties of
guantum states

Demonstrated efficient bound on nonstabilizerness monotones which otherwise are
difficult to compute beyond a few qubits

1. T. Haug and M.S. Kim, PRX Quantum 4, 010301 (2023)
2. S. F. E. Oliviero, L. Leone, A. Hamma, and S. Lloyd, npj Quantum Information 8, 148 (2022)
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